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a b s t r a c t
Value and ambiguity are two parameters which were introduced to represent fuzzy
numbers. In this paper, we find the nearest trapezoidal approximation and the nearest
symmetric trapezoidal approximation to a given fuzzy number, with respect to the average
Euclidean distance, preserving the value and ambiguity. To avoid the laborious calculus
associatedwith theKarush–Kuhn–Tucker theorem, theworking tool in some recent papers,
a less sophisticated method is proposed. Algorithms for computing the approximations,
many examples, proofs of continuity and two applications to ranking of fuzzy numbers
and estimations of the defect of additivity for approximations are given.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Uncertainty and incomplete information in decision making, linguistic controllers, expert systems, data mining, pattern
recognition, etc., are often represented by fuzzy numbers. In recent years, several researchers have focused on the computing
of different approximations of fuzzy numbers and new approaches for ranking of fuzzy numbers (see, e.g., [1–17]).
To capture the relevant information, to simplify the task of representing and handling fuzzy numbers, the value and
the ambiguity of a fuzzy number were introduced in [18]. In the same paper, the authors discussed how to approximate
a given fuzzy number by a suitable trapezoidal one preserving the value and ambiguity. Because it is not possible to
uniquely determine a trapezoidal fuzzy number, which is characterized by four numbers, from two conditions, some
additional conditions must be introduced. In the present paper, we completely solve the problems of finding the nearest
trapezoidal approximation and the nearest symmetric trapezoidal approximation of a fuzzy number with respect to the
average Euclidean distance, such that the value and ambiguity are preserved.
The paper is organized as follows. In Section 2, we recall basic definitions and results. The nearest trapezoidal
approximation of a fuzzy number preserving the value and ambiguity is determined in Section 3. The method is less
sophisticated than previous methods; it avoids the laborious calculus associated with the Karush–Kuhn–Tucker theorem
and, in addition, it allows us to prove the continuity of the trapezoidal approximation. The symmetric case is tackled in
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Section 4. Taking into account the solving in the general case, the results are easily obtained. The expected value, width,
left-hand ambiguity and right-hand ambiguity are parameters used in Section 5 to express the main results of the paper
in a more compact form and to give some algorithms for calculating the trapezoidal approximations. Sections 6 and 7 are
dedicated to examples and properties.We insist on the continuity of the trapezoidal approximation operators andwe ignore
the elementary proofs of other properties. Value and ambiguity are used together to rank fuzzy numbers [18]; therefore
we can compare the trapezoidal approximations preserving the value and ambiguity instead, to compare fuzzy numbers
(Section 8). The defects of additivity of trapezoidal approximation operators determined in Sections 3 and 4 are estimated
in Section 8. The paper is completed by some conclusions and open problems.
2. Preliminaries
We consider the following well-known description of a fuzzy number A:
A(x) =

0, if x ≤ a1,
lA(x), if a1 ≤ x ≤ a2,
1 if a2 ≤ x ≤ a3,
rA(x), if a3 ≤ x ≤ a4,
0, if a4 ≤ x,
(1)
where a1, a2, a3, a4 ∈ R, lA : [a1, a2] −→ [0, 1] is a non-decreasing upper semicontinuous function, lA(a1) = 0, lA(a2) = 1,
called the left side of the fuzzy number and rA : [a3, a4] −→ [0, 1] is a non-increasing upper semicontinuous function,
rA(a3) = 1, rA(a4) = 0, called the right side of the fuzzy number. The α-cut, α ∈ (0, 1], of a fuzzy number A is a crisp set
defined as
Aα = {x ∈ R : A(x) ≥ α}.
The support or 0-cut A0 of a fuzzy number is defined as
A0 = {x ∈ R : A(x) > 0}.
Every α-cut, α ∈ [0, 1], of a fuzzy number A is a closed interval
Aα = [AL(α), AU(α)],
where
AL(α) = inf{x ∈ R : A(x) ≥ α},
AU(α) = sup{x ∈ R : A(x) ≥ α},
for any α ∈ (0, 1]. If the sides of the fuzzy number A are strictly monotone, then one can see easily that AL and AU are inverse
functions of lA and rA, respectively. We denote by F(R) the set of all fuzzy numbers.
Some important parameters of a fuzzy number A, Aα = [AL(α), AU(α)], α ∈ [0, 1], are the ambiguity Amb(A) and the
value Val(A). They are given by (see [18])
Amb(A) =
∫ 1
0
α(AU(α)− AL(α))dα, (2)
Val(A) =
∫ 1
0
α(AU(α)+ AL(α))dα. (3)
A metric on the set of fuzzy numbers, which is an extension of the Euclidean distance, is defined by [19]
d2(A, B) =
∫ 1
0
(AL(α)− BL(α))2dα +
∫ 1
0
(AU(α)− BU(α))2dα. (4)
Fuzzy numbers with simple membership functions are preferred in practice. The most used such fuzzy numbers are
so-called trapezoidal fuzzy numbers. A trapezoidal fuzzy number T , Tα = [TL(α), TU(α)], α ∈ [0, 1], is given by
TL(α) = t1 + (t2 − t1)α
and
TU(α) = t4 − (t4 − t3)α,
where t1, t2, t3, t4 ∈ R, t1 ≤ t2 ≤ t3 ≤ t4. When t2 = t3, we obtain a triangular fuzzy number. When t2 − t1 = t4 − t3, we
obtain a symmetric trapezoidal fuzzy number. We denote
T = (t1, t2, t3, t4)
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a trapezoidal fuzzy number, and we denote by F T (R) the set of all trapezoidal fuzzy numbers, and by F S(R) the set of all
symmetric trapezoidal fuzzy numbers.
Sometimes (see [16]), it is useful to denote a trapezoidal fuzzy number by
T = [l, u, x, y],
with l, u, x, y ∈ R such that x, y ≥ 0, x+ y ≤ 2(u− l),
TL(α) = l+ x

α − 1
2

,
TU(α) = u− y

α − 1
2

,
for every α ∈ [0, 1].
It is immediate that
l = t1 + t2
2
, (5)
u = t3 + t4
2
, (6)
x = t2 − t1, (7)
y = t4 − t3, (8)
and T ∈ F S(R) if and only if x = y. Also, by direct calculation, we get
Amb(T ) = −6l+ 6u− x− y
12
, (9)
Val(T ) = 6l+ 6u+ x− y
12
. (10)
The distance between T , T ′ ∈ F T (R), T = [l, u, x, y] and T ′ = [l′, u′, x′, y′] becomes [15]
d2(T , T ′) = (l− l′)2 + (u− u′)2 + 1
12
(x− x′)2 + 1
12
(y− y′)2. (11)
Let A, B ∈ F (R) , Aα = [AL (α) , AU (α)] , Bα = [BL (α) , BU (α)] , α ∈ [0, 1] and λ ∈ R. We consider the sum A + B and
the scalar multiplication λ · A by (see e. g. [20, p. 40])
(A+ B)α = Aα + Bα = [AL (α)+ BL (α) , AU (α)+ BU (α)]
and
(λ · A)α = λAα =

[λAL (α) , λAU (α)] , if λ ≥ 0,
[λAU (α) , λAL (α)] , if λ < 0,
respectively, for every α ∈ [0, 1]. In the case of the trapezoidal fuzzy numbers T = (t1, t2, t3, t4) and S = (s1, s2, s3, s4), we
obtain
T + S = (t1 + s1, t2 + s2, t3 + s3, t4 + s4) .
An extended trapezoidal fuzzy number [15] is an order pair of polynomial functions of degree less than or equal to 1. An
extended trapezoidal fuzzy number may not be a fuzzy number, but the distance between two extended trapezoidal fuzzy
numbers is similarly defined as in (4) or (11). In addition, we define the value and the ambiguity of an extended trapezoidal
fuzzy number in the same way as in the case of a trapezoidal fuzzy number. We denote by F Te (R) the set of all extended
trapezoidal fuzzy numbers; that is,
F Te (R) =

T = [l, u, x, y] : TL (α) = l+ x

α − 1
2

, TU (α) = u− y

α − 1
2

, α ∈ [0, 1] , l, u, x, y ∈ R

,
where TL and TU have the same meaning as above.
The extended trapezoidal approximation Te(A) = [le, ue, xe, ye] of a fuzzy number A is the extended trapezoidal fuzzy
number which minimizes the distance d(A, X), where X ∈ F Te (R). In [3], the authors proved that Te(A) is not always a fuzzy
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number. The extended trapezoidal approximation Te(A) = [le, ue, xe, ye] of a fuzzy number A is determined [15] by the
following equalities:
le =
∫ 1
0
AL(α)dα, (12)
ue =
∫ 1
0
AU(α)dα, (13)
xe = 12
∫ 1
0

α − 1
2

AL(α)dα, (14)
ye = −12
∫ 1
0

α − 1
2

AU(α)dα. (15)
The real numbers xe and ye are non-negative (see [15]), and from the definition of a fuzzy number we have le ≤ ue.
In [14], the author proved two very important distance properties for the extended trapezoidal approximation operator,
as follows.
Proposition 1 ([14, Proposition 4.2]). Let A be a fuzzy number. Then
d2(A, B) = d2(A, Te(A))+ d2(Te(A), B) (16)
for any trapezoidal fuzzy number B.
Proposition 2 ([14, Proposition 4.4]). d(Te(A), Te(B)) ≤ d(A, B) for all fuzzy numbers A, B.
Remark 3. Let A, B ∈ F (R), and let Te(A) = [le, ue, xe, ye], Te(B) = [l′e, u′e, x′e, y′e] be the extended trapezoidal approxima-
tions of A and B. Proposition 2 and (11) imply that
(le − l′e)2 + (ue − u′e)2 ≤ d2(A, B)
and
(xe − x′e)2 + (ye − y′e)2 ≤ 12d2(A, B).
The following result is immediate.
Proposition 4. If A is a fuzzy number and Te(A) = [le, ue, xe, ye] is the extended trapezoidal approximation of A, then
Amb(A) = Amb(Te(A)) (17)
and
Val(A) = Val(Te(A)). (18)
Proof. By direct calculation, we get
Amb(Te(A)) = 112 (6ue − 6le − xe − ye) =
1
2
∫ 1
0
AU(α)dα − 12
∫ 1
0
AL(α)dα
−
∫ 1
0

α − 1
2

AL(α)dα +
∫ 1
0

α − 1
2

AU(α)dα
=
∫ 1
0
α(AU(α)− AL(α))dα = Amb(A).
The proof of the second equality is similar. 
At the end of this section, let us remark that a more general framework could be considered in this paper, taking
into account the value and ambiguity of A ∈ F (R) with respect to a reducing function S (that is, an increasing function
S : [0, 1]→ [0, 1] such that S(0) = 0, S(1) = 1) introduced by (see [18])
ValS(A) =
∫ 1
0
S (α) (AL (α)+ AU (α)) dα,
AmbS(A) =
∫ 1
0
S (α) (AU (α)− AL (α)) dα
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and the distance between two fuzzy numbers A and B by (see [19])
dp (A, B) = p
∫ 1
0
|AL (α)− BL (α)|p dα +
∫ 1
0
|AU (α)− BU (α)|p dα,
where p ≥ 1. Nevertheless, the particular cases S (α) = α and p = 2 here allow the validity of (16)–(18), the basic properties
in the proofs of the main results in the paper. In addition, the case S (α) = α and p = 2 is the most important one, and it is
the one that is almost exclusively considered in the scientific literature. In the general case, or in any other particular case,
the solving of the proposed problem and/or the proof of properties is not possible, at least with the present tools.
3. Approximation of fuzzy numbers by trapezoidal fuzzy numbers preserving the ambiguity and value
In this sectionwe compute, for any given fuzzy number A, the nearest (with respect tometric d) trapezoidal fuzzy number
T (A) such that Amb(A) = Amb(T (A)) and Val(A) = Val(T (A)). By Propositions 1 and 4, it follows that the problem of finding
the nearest trapezoidal fuzzy number preserving the ambiguity and value of a fuzzy number A is equivalent to the problem
of finding a trapezoidal fuzzy number T (A) such that
Amb(T (A)) = Amb(Te(A)),
Val(T (A)) = Val(Te(A))
and
d(T (A), Te(A)) ≤ d(B, Te(A)),
for all B ∈ F T (R) satisfying
Amb(B) = Amb(Te(A))
and
Val(B) = Val(Te(A)),
where Te(A) denotes the nearest extended trapezoidal fuzzy number of A.
Therefore, T (A) = [lT , uT , xT , yT ] if and only if (lT , uT , xT , yT ) ∈ R4 is a solution of the problem
min

(l− le)2 + (u− ue)2 + 112 (x− xe)
2 + 1
12
(y− ye)2

(19)
under the conditions
x ⩾ 0, (20)
y ⩾ 0, (21)
x+ y ⩽ 2u− 2l, (22)
−6l+ 6u− x− y = −6le + 6ue − xe − ye, (23)
6l+ 6u+ x− y = 6le + 6ue + xe − ye, (24)
where le, ue, xe, ye are given by (12)–(15). We immediately obtain that (19)–(24) is equivalent to
min

(x− xe)2 + (y− ye)2

(25)
under the conditions
x ⩾ 0, (26)
y ⩾ 0, (27)
x+ y ⩽ 3ue − 3le − 12xe −
1
2
ye. (28)
In addition,
l = −1
6
(x− xe)+ le (29)
and
u = 1
6
(y− ye)+ ue. (30)
Let us consider the set
MA =

(x, y) ∈ R2 : x ⩾ 0, y ⩾ 0, x+ y ⩽ 3ue − 3le − 12xe −
1
2
ye

,
and let us denote by PM(Z) the orthogonal projection of Z ∈ R2 on non-empty setM ⊂ R2, with respect to dE , the Euclidean
metric on R2.
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Fig. 1. Cases for (xe, ye).
Theorem 5. Problem (25)–(28) has an unique solution.
Proof. Taking into account (12)–(15), we have
3ue − 3le − 12xe −
1
2
ye = 6
∫ 1
0
α(AU(α)− AL(α))dα ≥ 0;
therefore, MA ≠ ∅. Because MA is a closed convex subset of the Hilbert space R2, there exists a unique element (see [21,
Theorem 4.10, p. 79]), PMA (Ce), where Ce = (xe, ye), such that
dE

Ce, PMA (Ce)
 = inf
C∈MA
dE (Ce, C) . 
As a conclusion, T (A) = [lT , uT , xT , yT ] is the nearest (with respect tometric d) trapezoidal fuzzy number to a given fuzzy
number A such that Amb(A) = Amb(T (A)) and Val(A) = Val(T (A)), if and only if (xT , yT ) is the orthogonal projection of
(xe, ye) onMA and
lT = −16 (xT − xe)+ le, (31)
uT = 16 (yT − ye)+ ue. (32)
Because xe ≥ 0 and ye ≥ 0, the following cases (corresponding to (i), (ii), (iii), (iv) in Fig. 1) to find PMA (Ce), the orthogonal
projection of (xe, ye) onMA, are possible.
(i) (xe, ye) ∈ MA; that is, xe + ye ⩽ 3ue − 3le − 12xe − 12ye.
The inequality is equivalent to xe + ye ⩽ 2 (ue − le), and we get PMA (xe, ye) = (xe, ye); that is,
xT = xe,
yT = ye.
(ii) 32xe − 12ye − 3ue + 3le > 0.
Then PMA (xe, ye) =

3ue − 3le − 12xe − 12ye, 0

; that is,
xT = 3ue − 3le − 12xe −
1
2
ye,
yT = 0.
(iii) 12xe − 32ye + 3ue − 3le < 0.
Then PMA (xe, ye) =

0, 3ue − 3le − 12xe − 12ye

; that is,
xT = 0,
yT = 3ue − 3le − 12xe −
1
2
ye.
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(iv) (xe, ye) is not in the cases (i)–(iii); that is,
xe + ye > 2 (ue − le) ,
3
2
xe − 12ye − 3ue + 3le ≤ 0,
1
2
xe − 32ye + 3ue − 3le ≥ 0.
Then (xT , yT ) is the orthogonal projection of (xe, ye) on the line x+ y = 3ue − 3le − 12xe − 12ye; that is,
xT = 32ue −
3
2
le + 14xe −
3
4
ye,
yT = 32ue −
3
2
le − 34xe +
1
4
ye.
Example 6. Let us consider the fuzzy number A given in parametric form by
AL (α) = 2α − 2,
AU (α) = 1−√α, α ∈ [0, 1] .
After elementary calculus from (12)–(15), we obtain
xe = 2, ye = 45 , le = −1, ue =
1
3
.
Then
MA =

(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x+ y ≤ 13
5

,
and the orthogonal projection of (xe, ye) =

2, 45

on the setMA is the orthogonal projection of

2, 45

on the line x+y = 135 ;
that is, the point (xT , yT ) =
 19
10 ,
7
10

(the above case (iv) is applicable). If the fuzzy number B is given by
BL (α) = 2α − 20,
BU (α) = 1−√α, α ∈ [0, 1] ,
then, from (12)–(15), we get
xe = 2, ye = 45 , le = −19, ue =
1
3
and
MB =

(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x+ y ≤ 283
5

.
Because (xe, ye) =

2, 45
 ∈ MB, the orthogonal projection of (xe, ye) on the setMB is even (xe, ye); that is, (xT , yT ) = 2, 45 
(the above case (i) is applicable).
Taking into account (12)–(15), (31) and (32), we obtain the following result.
Theorem 7. Let A ∈ F (R) , Aα = [AL(α), AU(α)], α ∈ [0, 1], and let T (A) = [lT , uT , xT , yT ] be the nearest trapezoidal fuzzy
number to A which preserves the ambiguity and value.
(i) If ∫ 1
0
(3α − 1) AL(α)dα −
∫ 1
0
(3α − 1) AU(α)dα ≤ 0 (33)
then
xT = 6
∫ 1
0
(2α − 1) AL(α)dα,
yT = −6
∫ 1
0
(2α − 1) AU(α)dα,
1386 A. Ban et al. / Computers and Mathematics with Applications 61 (2011) 1379–1401
lT =
∫ 1
0
AL(α)dα,
uT =
∫ 1
0
AU(α)dα.
(ii) If ∫ 1
0
(3α − 1) AL(α)dα +
∫ 1
0
(α − 1) AU(α)dα > 0 (34)
then
xT = −6
∫ 1
0
αAL(α)dα + 6
∫ 1
0
αAU(α)dα
yT = 0
lT = 3
∫ 1
0
αAL(α)dα −
∫ 1
0
αAU(α)dα
uT = 2
∫ 1
0
αAU(α)dα.
(iii) If ∫ 1
0
(α − 1) AL(α)dα +
∫ 1
0
(3α − 1) AU(α)dα < 0 (35)
then
xT = 0
yT = −6
∫ 1
0
αAL(α)dα + 6
∫ 1
0
αAU(α)dα
lT = 2
∫ 1
0
αAL(α)dα
uT = −
∫ 1
0
αAL(α)dα + 3
∫ 1
0
αAU(α)dα.
(iv) If ∫ 1
0
(3α − 1) AL(α)dα −
∫ 1
0
(3α − 1) AU(α)dα > 0 (36)∫ 1
0
(3α − 1) AL(α)dα +
∫ 1
0
(α − 1) AU(α)dα ≤ 0 (37)
and ∫ 1
0
(α − 1) AL(α)dα +
∫ 1
0
(3α − 1) AU(α)dα ≥ 0 (38)
then
xT = 3
∫ 1
0
(α − 1) AL(α)dα + 3
∫ 1
0
(3α − 1) AU(α)dα
yT = −3
∫ 1
0
(3α − 1) AL(α)dα − 3
∫ 1
0
(α − 1) AU(α)dα
lT = 12
∫ 1
0
(3α + 1) AL(α)dα − 12
∫ 1
0
(3α − 1) AU(α)dα
uT = −12
∫ 1
0
(3α − 1) AL(α)dα + 12
∫ 1
0
(3α + 1) AU(α)dα.
Taking into account (5)–(8), we immediately get t1 = l − x2 , t2 = l + x2 , t3 = u − y2 , t4 = u + y2 , and the following
consequence of Theorem 7.
A. Ban et al. / Computers and Mathematics with Applications 61 (2011) 1379–1401 1387
Corollary 8. Let A ∈ F (R) , Aα = [AL(α), AU(α)], α ∈ [0, 1], and let T (A) = (t1, t2, t3, t4) be the nearest trapezoidal fuzzy
number to A which preserves the ambiguity and value.
(i) If (33) is satisfied then
t1 =
∫ 1
0
(4− 6α) AL (α) dα, (39)
t2 =
∫ 1
0
(6α − 2) AL (α) dα, (40)
t3 =
∫ 1
0
(6α − 2) AU (α) dα, (41)
t4 =
∫ 1
0
(4− 6α) AU (α) dα. (42)
(ii) If (34) is satisfied then
t1 = 6
∫ 1
0
αAL (α) dα − 4
∫ 1
0
αAU (α) dα (43)
t2 = t3 = t4 = 2
∫ 1
0
αAU (α) dα. (44)
(iii) If (35) is satisfied then
t1 = t2 = t3 = 2
∫ 1
0
αAL (α) dα (45)
t4 = 6
∫ 1
0
αAU (α) dα − 4
∫ 1
0
αAL (α) dα. (46)
(iv) If (36)–(38) are satisfied then
t1 = 2
∫ 1
0
AL (α) dα −
∫ 1
0
(6α − 2) AU (α) dα (47)
t2 = t3 =
∫ 1
0
(3α − 1) AL (α) dα +
∫ 1
0
(3α − 1) AU (α) dα (48)
t4 =
∫ 1
0
(2− 6α) AL (α) dα + 2
∫ 1
0
AU (α) dα. (49)
Example 9. Case (iv) in Corollary 8 is applicable to the fuzzy number A in Example 6 and case (i) is applicable to the fuzzy
number B in Example 6. The nearest trapezoidal fuzzy numbers to A and B preserving the value and ambiguity of A and B
are, respectively,
T (A) =

−29
15
,− 1
30
,− 1
30
,
2
3

,
T (B) =

−20,−18,− 1
15
,
11
15

.
4. Approximation of fuzzy numbers by symmetric trapezoidal fuzzy numbers preserving the ambiguity and
value
Symmetric fuzzy numbers are often used in practice (see, e.g., [22,23]) because they have a more perceptive natural
interpretation and are easy to handle. According to Theorem 7, the nearest trapezoidal fuzzy number which preserves the
ambiguity and value of a symmetric fuzzy number is symmetric too. Indeed, if A ∈ F (R) is symmetric, that is
AL(1)− AL (α) = AU (α)− AU(1),
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for every α ∈ [0, 1], then∫ 1
0
(3α − 1) AL(α)dα +
∫ 1
0
(α − 1) AU(α)dα
=
∫ 1
0
2αAL(α)dα − AL(1)+ AU(1)2 ≤ −AL(1)+
∫ 1
0
2αAL(α)dα ≤ 0
and ∫ 1
0
(α − 1) AL(α)dα +
∫ 1
0
(3α − 1) AU(α)dα
= AL(1)+ AU(1)
2
−
∫ 1
0
2αAL(α)dα ≥ AL(1)−
∫ 1
0
2αAL(α)dα ≥ 0;
therefore cases (ii) and (iii) in Theorem 7 are not applicable. On the other hand, if cases (i) or (iv) in Theorem 7 are applicable,
then xT = yT ; therefore T (A) is a symmetric trapezoidal fuzzy number.
In this section, we compute the nearest symmetric trapezoidal fuzzy number to a given fuzzy number, preserving
the ambiguity and value. Taking into account the previous section, S(A) = [lS, uS, xS, yS] is the nearest (with respect to
metric d) symmetric trapezoidal fuzzy number of a given fuzzy number A with the extended trapezoidal approximation
Te(A) = [le, ue, xe, ye] such that Amb(A) = Amb(S(A)) and Val(A) = Val(S(A)) if and only if (xS, yS) is the solution of the
problem (see (25)–(28))
min

(x− xe)2 + (y− ye)2

, (50)
x ≥ 0, (51)
y ≥ 0, (52)
x+ y ≤ 3ue − 3le − 12xe −
1
2
ye, (53)
x = y, (54)
and (see (29)–(30))
lS = −16 (xS − xe)+ le (55)
uS = 16 (yS − ye)+ ue. (56)
The problem (50)–(54) is equivalent to
min

2x2 − 2 (xe + ye) x+ x2e + y2e

x ≥ 0, (57)
x ≤ 3
2
ue − 32 le −
1
4
xe − 14ye;
therefore, the following cases are possible.
(i)
xe + ye
2
≤ 3
2
ue − 32 le −
1
4
xe − 14ye;
that is,
xe + ye ≤ 2 (ue − le) .
Then the solution of problem (57) is the minimum point of the function g ,
g(x) = 2x2 − 2 (xe + ye) x+ x2e + y2e ;
that is,
xS = xe + ye2 .
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From (54)–(56), we obtain
yS = xe + ye2 ,
uS = ue + 112xe −
1
12
ye
lS = le + 112xe −
1
12
ye.
(ii)
xe + ye
2
>
3
2
ue − 32 le −
1
4
xe − 14ye;
that is,
xe + ye > 2 (ue − le) .
Because the function g , g(x) = 2x2 − 2 (xe + ye) x+ x2e + y2e , is decreasing on

0, 32ue − 32 le − 14xe − 14ye

, the solution
of problem (57) is
xS = 32ue −
3
2
le − 14xe −
1
4
ye.
From (54)–(56), we obtain
yS = 32ue −
3
2
le − 14xe −
1
4
ye,
uS = 54ue −
1
4
le − 124xe −
5
24
ye,
lS = −14ue +
5
4
le + 524xe +
1
24
ye.
Example 10. If A is the fuzzy number in Example 6 then
g(x) = 2x2 − 28
5
x+ 116
25
(58)
and
3
2
ue − 32 le −
1
4
xe − 14ye =
13
10
.
Because g is decreasing on
−∞, 75 , we obtain that the minimum of g on 0, 1310  is attained in x = 1310 ; that is, xT = 1310 (the
above case (ii) is applicable). If B is the fuzzy number in Example 6 then g is given in (58) too, and
3
2
ue − 32 le −
1
4
xe − 14ye =
283
10
.
Because the minimum of g is attained in x = 75 ∈

0, 28310

, we get xT = 75 (the above case (i) is applicable).
The following results are immediate from (12)–(15) and (5)–(8), respectively.
Theorem 11. Let A ∈ F (R) , Aα = [AL(α), AU(α)], α ∈ [0, 1], and let S(A) = [lS, uS, xS, yS] be the nearest symmetric
trapezoidal fuzzy number to A which preserves the ambiguity and value.
(i) If ∫ 1
0
(3α − 1) AL(α)dα −
∫ 1
0
(3α − 1) AU(α)dα ≤ 0 (59)
then
xS = yS = 3
∫ 1
0
(2α − 1) AL(α)dα − 3
∫ 1
0
(2α − 1) AU(α)dα,
lS = 12
∫ 1
0
(2α + 1) AL(α)dα + 12
∫ 1
0
(2α − 1) AU(α)dα,
uS = 12
∫ 1
0
(2α − 1) AL(α)dα + 12
∫ 1
0
(2α + 1) AU(α)dα.
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(ii) If ∫ 1
0
(3α − 1) AL(α)dα −
∫ 1
0
(3α − 1) AU(α)dα > 0 (60)
then
xS = yS = 3
∫ 1
0
αAU(α)dα − 3
∫ 1
0
αAL(α)dα,
lS = −12
∫ 1
0
αAU(α)dα + 52
∫ 1
0
αAL(α)dα,
uS = 52
∫ 1
0
αAU(α)dα − 12
∫ 1
0
αAL(α)dα.
Corollary 12. Let A ∈ F (R) , Aα = [AL(α), AU(α)], α ∈ [0, 1], and let S(A) = (s1, s2, s3, s4) be the nearest symmetric
trapezoidal fuzzy number to A which preserves the ambiguity and value.
(i) If (59) is satisfied then
s1 = 2
∫ 1
0
(2α − 1) AU(α)dα − 2
∫ 1
0
(α − 1) AL(α)dα (61)
s2 = −
∫ 1
0
(2α − 1) AU(α)dα +
∫ 1
0
(4α − 1) AL(α)dα (62)
s3 =
∫ 1
0
(4α − 1) AU(α)dα −
∫ 1
0
(2α − 1) AL(α)dα (63)
s4 = −2
∫ 1
0
(α − 1) AU(α)dα + 2
∫ 1
0
(2α − 1) AL(α)dα. (64)
(ii) If (60) is satisfied then
s1 = −2
∫ 1
0
αAU(α)dα + 4
∫ 1
0
αAL(α)dα (65)
s2 = s3 =
∫ 1
0
αAU(α)dα +
∫ 1
0
αAL(α)dα (66)
s4 = 4
∫ 1
0
αAU(α)dα − 2
∫ 1
0
αAL(α)dα. (67)
Example 13. Case (ii) in Corollary 12 is applicable for computing the nearest symmetric trapezoidal fuzzy number to fuzzy
number A in Example 6, preserving the value and ambiguity of A, and
S(A) =

−23
15
,− 7
30
,− 7
30
,
16
15

.
Case (i) in Corollary 12 is applicable for computing the nearest symmetric trapezoidal fuzzy number to fuzzy number B in
Example 9, preserving the value and ambiguity of B, and
S(B) =

−98
5
,−91
5
,− 4
15
,
17
15

.
5. Algorithms
Conditions (33)–(38) seem to be very technical and difficult to interpret. To make these conditions more clear and the
trapezoidal approximation operator T more compact, we express the formulae using some parameters associatedwith fuzzy
numbers instead of the integrals given in Theorem 7 and Corollary 8. The idea is not new: it was proposed in [9,10] for the
trapezoidal approximation which preserves the expected interval and continued in [24].
The typical value of a fuzzy number A, Aα = [AL (α) , AU (α)] , α ∈ [0, 1], called the expected value of A, is given by
(see [25,26])
EV (A) = 1
2
∫ 1
0
AL (α) dα +
∫ 1
0
AU (α) dα

. (68)
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The non-specificity of fuzzy number A, called the width of A, is introduced by (see [27])
w(A) =
∫ 1
0
AU (α) dα −
∫ 1
0
AL (α) dα. (69)
To describe the spread of the left-hand part and the right-hand part of a fuzzy number with respect to the expected value,
the concepts of left-hand ambiguity and right-hand ambiguity were introduced in [10] as follows:
AmbL(A) =
∫ 1
0
α (EV (A)− AL (α)) dα, (70)
AmbU(A) =
∫ 1
0
α (AU (α)− EV (A)) dα. (71)
We need the following result to give suitable interpretations and algorithms for the nearest trapezoidal approximation
preserving the ambiguity and value.
Proposition 14. Let A be a fuzzy number.
(i) If 4AmbL(A) < Amb(A) thenw(A) > 3Amb(A).
(ii) If 4AmbU(A) < Amb(A) thenw(A) > 3Amb(A).
Proof. (i) Because (see e.g. [4, Lemma 1, (ii)])∫ 1
0
AU(α)dα − 2
∫ 1
0
αAU(α)dα ≥ 0
and the hypothesis is equivalent to (34), we obtain
w(A)− 3Amb(A) = 3
∫ 1
0
αAL(α)dα − 3
∫ 1
0
αAU(α)dα −
∫ 1
0
AL(α)dα +
∫ 1
0
AU(α)dα
= 3
∫ 1
0
αAL(α)dα +
∫ 1
0
αAU(α)dα −
∫ 1
0
AL(α)dα −
∫ 1
0
AU(α)dα
− 4
∫ 1
0
αAU(α)dα + 2
∫ 1
0
AU(α)dα > 0.
(ii) Because (see e.g. [4, Lemma 1, (i)])
2
∫ 1
0
αAL(α)dα −
∫ 1
0
AL(α)dα ≥ 0
and the hypothesis is equivalent to (35), we obtain
w(A)− 3Amb(A) = 3
∫ 1
0
αAL(α)dα − 3
∫ 1
0
αAU(α)dα −
∫ 1
0
AL(α)dα +
∫ 1
0
AU(α)dα
= −3
∫ 1
0
αAU(α)dα −
∫ 1
0
αAL(α)dα +
∫ 1
0
AL(α)dα +
∫ 1
0
AU(α)dα
+ 4
∫ 1
0
αAL(α)dα − 2
∫ 1
0
AL(α)dα > 0. 
We can rewrite condition (33) as∫ 1
0
AU(α)dα −
∫ 1
0
AL(α)dα ≤ 3
∫ 1
0
αAU(α)dα − 3
∫ 1
0
αAL(α)dα,
and, according to (2) and (69),
w(A) ≤ 3Amb(A).
Otherwise, that is, when
w(A) > 3Amb(A),
the approximation is always a triangular fuzzy number (see Corollary 8).
Condition (34) is equivalent to
3AmbL(A) < AmbU(A)
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or
4AmbL(A) < Amb(A),
and condition (35) is equivalent to
3AmbU(A) < AmbL(A)
or
4AmbU(A) < Amb(A).
As a conclusion, for fuzzy numbers that are more vague, the approximation is a trapezoidal fuzzy number computed by
(39)–(42). For fuzzy numbers that are less vague, the approximation is as follows:
– a left-side triangular fuzzy number if the ambiguity of the fuzzy number is located in the left part of the support;
– a right-side triangular fuzzy number if the ambiguity of the fuzzy number is located in the right part of the support;
– a proper triangular fuzzy number if the left-hand and right-hand ambiguities rise above a certain level of ambiguity.
To sumup,weget the following algorithm for computing thenearest trapezoidal approximationpreserving the ambiguity
and value.
Algorithm 1. Step 1: Ifw(A) ≤ 3Amb(A) then apply (39)–(42) to compute the approximation; else
Step 2: if 4AmbL(A) < Amb(A) then apply (43)–(44) to compute the approximation; else
Step 3: if 4AmbU(A) < Amb(A) then apply (45)–(46) to compute the approximation; else
Step 4: apply (47)–(49).
To avoid checking unnecessary requirements, we use Algorithm 1 if the fuzzy number is almost symmetrical or
moderately asymmetrical. If the fuzzy number A is strongly asymmetric to the right or to the left, then we can use the
following algorithm.
Algorithm 2. Step 1: If 4AmbL(A) < Amb(A) then apply (43)–(44) to compute the approximation; else
Step 2: if 4AmbU(A) < Amb(A) then apply (45)–(46) to compute the approximation; else
Step 3: ifw(A) > 3Amb(A) then apply (47)–(49) to compute the approximation; else
Step 4: apply (39)–(42).
According to Theorem 11, Corollary 12 and the above discussions, we get the following algorithm for computing the
nearest symmetric trapezoidal approximation of a fuzzy number preserving the ambiguity and value.
Algorithm 3. Step 1: Ifw(A) ≤ 3Amb(A) then apply (61)–(64) to compute the approximation; else
Step 2: apply (65)–(67).
6. Examples
An important kind of fuzzy number was introduced in [28] as follows. Let a, b, c, d ∈ R such that a < b ≤ c < d. A fuzzy
number A such that
Aα = [AL (α) , AU (α)] =

a+ (b− a) α1/r , d− (d− c) α1/r , α ∈ [0, 1] ,
where r > 0, is denoted by A = (a, b, c, d)r .
Corollary 15. (i) If
(1− r) (a− d)+ 2r (r + 2) (b− c) ⩽ 0 (72)
then
T ((a, b, c, d)r)
=

(5r + 1) a+ 2r (r − 1) b
(1+ r) (1+ 2r) ,
(1− r) a+ 2r (r + 2) b
(1+ r) (1+ 2r) ,
2r (r + 2) c + (1− r) d
(1+ r) (1+ 2r) ,
2r (r − 1) c + (5r + 1) d
(1+ r) (1+ 2r)

.
(ii) If
(1− r) a+ 2r2 + 4r b− 2r2c − (3r + 1) d > 0 (73)
then
T ((a, b, c, d)r) =

3a− 2d+ 6rb− 4rc
1+ 2r ,
d+ 2rc
1+ 2r ,
d+ 2rc
1+ 2r ,
d+ 2rc
1+ 2r

.
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(iii) If
(3r + 1) a+ 2r2b− 2r2 + 4r c + (r − 1) d > 0 (74)
then
T ((a, b, c, d)r) =

a+ 2rb
1+ 2r ,
a+ 2rb
1+ 2r ,
a+ 2rb
1+ 2r ,
−2a+ 3d− 4rb+ 6rc
1+ 2r

.
(iv) If
(1− r) (a− d)+ 2r (r + 2) (b− c) > 0 (75)
(1− r) a+ 2r2 + 4r b− 2r2c − (3r + 1) d ≤ 0 (76)
(3r + 1) a+ 2r2b− 2r2 + 4r c + (r − 1) d ≤ 0 (77)
then
T ((a, b, c, d)r) = (t1, t2, t3, t4) ,
where
t1 = (2+ 4r) a+

2r + 4r2 b− 2r2 + 4r c + (r − 1) d
(1+ 2r) (1+ r) ,
t2 = t3 = (1− r) a+

4r + 2r2 b+ 4r + 2r2 c + (1− r) d
2 (1+ 2r) (1+ r) ,
t4 = (r − 1) a−

4r + 2r2 b+ 4r2 + 2r c + (2+ 4r) d
(1+ 2r) (1+ r) .
Proof. If A = (a, b, c, d)r then∫ 1
0
AL (α) dα = a+ rbr + 1 ,∫ 1
0
AU (α) dα = rc + dr + 1 ,∫ 1
0
αAL (α) dα = a+ 2rb2 (2r + 1)
and ∫ 1
0
αAU (α) dα = 2rc + d2 (2r + 1)
such that the proof is immediate from Corollary 8. 
Example 16. Case (i) in Corollary 15 is applicable to fuzzy number (1, 2, 3, 4)2, and
T ((1, 2, 3, 4)2) =

19
15
,
31
15
,
44
15
,
56
15

.
The fuzzy numbers (1, 200, 201, 220)2 and (1, 20, 30, 320)2 satisfy conditions (73) and (74), respectively, and
T ((1, 200, 201, 220)2) =

355
5
,
1024
5
,
1024
5
,
1024
5

,
T ((1, 20, 30, 320)2) =

81
5
,
81
5
,
81
5
,
1158
5

.
Case (iv) in Corollary 15 is applicable to fuzzy number (1, 2, 4, 35)2, and
T ((1, 2, 4, 35)2) =

7
5
, 2, 2,
133
5

.
In the case of symmetric approximation, we obtain the following result.
Corollary 17. (i) If
(1− r) (a− d)+ 2r (r + 2) (b− c) ⩽ 0 (78)
1394 A. Ban et al. / Computers and Mathematics with Applications 61 (2011) 1379–1401
then
S ((a, b, c, d)r) = (s1, s2, s3, s4) ,
where
s1 = (3r + 1) a+ 2r
2b+ 2rc − 2rd
(1+ r) (1+ 2r) ,
s2 = a+

2r2 + 3r b− rc + rd
(1+ r) (1+ 2r) ,
s3 = ra− rb+

2r2 + 3r c + d
(1+ r) (1+ 2r) ,
s4 = −2ra+ 2rb+ 2r
2c + (3r + 1) d
(1+ r) (1+ 2r) .
(ii) If
(1− r) (a− d)+ 2r (r + 2) (b− c) > 0 (79)
then
S ((a, b, c, d)r) = (s1, s2, s3, s4) ,
where
s1 = 2a+ 4rb− 2rc − d1+ 2r ,
s2 = s3 = a+ 2rb+ 2rc + d2 (1+ 2r) ,
s4 = −a− 2rb+ 4rc + 2d1+ 2r .
Example 18. The fuzzy number (1, 2, 3, 4)2 satisfies (78), and
S ((1, 2, 3, 4)2) =

19
15
,
31
15
,
44
15
,
56
15

.
The fuzzy numbers (1, 200, 201, 220)2 and (1, 2, 4, 35)2 satisfy (79), and
S ((1, 200, 201, 220)2) =

578
5
,
365
2
,
365
2
,
1247
5

,
S ((1, 2, 4, 35)2) =

−33
5
, 6, 6,
93
5

.
7. Properties
The properties of translation invariance (i.e., U (A+ z) = U(A) + z, for every z ∈ R, A ∈ F (R)), scale invariance (i.e.,
U (λ · A) = λ ·U(A), for every λ ∈ R, A ∈ F (R)) and identity (i.e.,U(A) = A, for every A ∈ F T (R) or A ∈ F S (R), respectively)
of the approximation operators T and S are immediate (see, e.g., [4, Theorem 12]). Carlsson and Fullér [29] defined the lower
and upper possibilistic mean values of a fuzzy number A, Aα = [AL(α), AU(α)], α ∈ [0, 1], as
M∗(A) = 2
∫ 1
0
αAL (α) dα
and
M∗(A) = 2
∫ 1
0
αAU (α) dα.
Because
M∗(A) = Val(A)− Amb(A)
and
M∗(A) = Val(A)+ Amb(A),
A. Ban et al. / Computers and Mathematics with Applications 61 (2011) 1379–1401 1395
we obtain that T and S preserve the lower and upper possibilistic mean values, that isM∗ (T (A)) = M∗ (S(A)) = M∗(A) and
M∗ (T (A)) = M∗ (S(A)) = M∗(A), for every A ∈ F (R). The continuity of the operator T is an immediate consequence of the
following result.
Theorem 19. The nearest trapezoidal approximation operator preserving the ambiguity and value T : F(R) → F T (R), given
in Theorem 7, satisfies
d (T (A), T (B)) ⩽ (2
√
2+ 1)d (A, B) (80)
for all A, B ∈ F(R).
Proof. Let us consider A, B ∈ F(R),
T (A) = [lT ,uT , xT , yT ],
T (B) = [l′T , u′T , x′T , y′T ],
the trapezoidal approximations preserving the ambiguity and value of A and B,
Te(A) = [le, ue, xe, ye],
Te(B) = [l′e, u′e, x′e, y′e],
the extended trapezoidal approximations of A and B, and
Ae(xe, ye),
Be(x′e, y
′
e),
A0(xT , yT ),
B0(x′T , y
′
T ).
Then
d2 (T (A), T (B)) = lT − l′T 2 + uT − u′T 2 + d2E (A0, B0)12 , (81)
where dE denotes the Euclidean metric on R2,
lT = −16 (xT − xe)+ le,
l′T = −
1
6

x′T − x′e
+ l′e,
uT = 16 (yT − ye)+ ue,
and
u′T =
1
6

y′T − y′e
+ u′e.
The Cauchy–Buniakowski–Schwarz inequality implies that
lT − l′T
2 + uT − u′T 2
=

−1
6
(xT − xe)+ le + 16

x′T − x′e
− l′e2 + 16 (yT − ye)+ ue − 16 y′T − y′e− u′e
2
=

1
6

x′T − xT
+ 1
6

xe − x′e
+ le − l′e2 + 16 yT − y′T + 16 y′e − ye+ ue − u′e
2
⩽ 3

x′T − xT
2
36
+

xe − x′e
2
36
+ le − l′e2

+ 3

yT − y′T
2
36
+

y′e − ye
2
36
+ ue − u′e2

=

x′T − xT
2
12
+

xe − x′e
2
12
+ 3 le − l′e2 + yT − y′T 212 +

y′e − ye
2
12
+ 3 ue − u′e2
= d
2
E (A0, B0)
12
+ d2(Te(A), Te(B))+ 2

le − l′e
2 + 2 ue − u′e2 .
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Fig. 2. Two cases in the finding of the Lipschitz constant.
We easily get (see Proposition 2 and Remark 3)
lT − l′T
2 + uT − u′T 2 ≤ 3d2(A, B)+ d2E (A0, B0)12 .
Substituting in (81), we obtain
d2 (T (A), T (B)) ≤ 3d2(A, B)+ d
2
E (A0, B0)
6
. (82)
Let us assume (contrariwise the proof is similar) that
6u′e − 6l′e − x′e − y′e ≥ 6ue − 6le − xe − ye.
We consider
MA =

(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x+ y ≤ 3ue − 3le − 12xe −
1
2
ye

,
MB =

(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x+ y ≤ 3u′e − 3l′e −
1
2
x′e −
1
2
y′e

and
C

3ue − 3le − 12xe −
1
2
ye, 0

,
C ′

0, 3ue − 3le − 12xe −
1
2
ye

,
G

3u′e − 3l′e −
1
2
x′e −
1
2
y′e, 0

,
G′

0, 3u′e − 3l′e −
1
2
x′e −
1
2
y′e

,
the points which determine the closed convex setsMA andMB,MA ⊆ MB, in the Euclidean space R2 (see Fig. 2).
We have (see the proof of Theorem 5)
A0 = PMA (Ae)
and
B0 = PMB (Be) .
We denote by B1 the projection of B0 on the convex set MA, that is, the unique element in MA which minimizes
dE(B0,Q ), where Q ∈ MA. It is easy to check that B1 is the projection of Be on the set MA, that is, B1 ∈ MA and
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minR∈MA dE (Be, R) = dE (Be, B1). Also, it is immediate that (in Fig. 2 two particular cases are represented: Ae in case (iv),
Be in case (ii) and Ae, Be in case (iv), respectively; see Fig. 1 too)
dE (B1, B0) ≤ dE (C,G) = dE

C ′,G′

. (83)
We have (see (12)–(15) and Fig. 2)
d2E (C,G) = [3(u′e − ue)− 3(l′e − le)−
1
2
(x′e − xe)−
1
2
(y′e − ye)]2
=

6
∫ 1
0
α (BU (α)− AU (α)) dα − 6
∫ 1
0
α (BL (α)− AL (α)) dα
2
≤ 72
∫ 1
0
α (BU (α)− AU (α)) dα
2
+
∫ 1
0
α (BL (α)− AL (α)) dα
2
≤ 72
∫ 1
0
α2dα
∫ 1
0
(BU (α)− AU (α))2 dα + 72
∫ 1
0
α2dα
∫ 1
0
(BL (α)− AL (α))2 dα
= 24
∫ 1
0
(BL (α)− AL (α))2 dα +
∫ 1
0
(BU (α)− AU (α))2 dα

= 24d2(A, B);
therefore
dE (B1, B0) ≤ 2
√
6d(A, B).
BecauseMA is a closed convex subset of the Hilbert space R2 we obtain (see [15, Appendix C])
dE(PMA(Ae), PMA(Be)) ≤ dE(Ae, Be);
that is,
dE (A0, B1) ≤ dE (Ae, Be) . (84)
Since by Remark 3 we get dE(Ae, Be) ≤ 2
√
3d(A, B), it follows that (see Fig. 2)
dE (A0, B0) ≤ dE (A0, B1)+ dE (B1, B0)
≤ dE (Ae, Be)+ 2
√
6d(A, B)
≤

2
√
3+ 2√6

d(A, B).
Substituting in (82), we obtain
d (T (A), T (B)) ⩽

2
√
2+ 1

d (A, B) ,
and the proof is complete. 
Remark 20. The problem of finding the best Lipschitz constant of the trapezoidal approximation operator given in
Theorem 7 is not easy to study. It is more sophisticated than the case of the trapezoidal approximation operator preserving
the expected interval, completely solved in [30]. Following the same ideas as above, estimations can be found in other
interesting case, when we compare d (T (A), T (B)) and d (Te(A), Te(B)), with the observation that the calculus of the best
constant is sophisticated too.
From the proof of the above theorem, with the same notation,
lT − l′T
2 + uT − u′T 2 ≤ d2E (A0, B0)12 + d2(Te(A), Te(B))+ 2 le − l′e2 + 2 ue − u′e2 ,
and since

le − l′e
2 + ue − u′e2 ≤ d2(Te(A), Te(B)), we get
lT − l′T
2 + uT − u′T 2 ≤ 3d2(Te(A), Te(B))+ d2E (A0, B0)12 .
Then (81) implies that
d2(T (A), T (B)) ≤ 3d2(Te(A), Te(B))+ d
2
E (A0, B0)
6
. (85)
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Taking into account (83) and (84), we have
dE (A0, B0) ≤ dE (A0, B1)+ dE (B1, B0)
≤ dE (Ae, Be)+ dE (C,G)
=

(x′e − xe)2 + (y′e − ye)2 + dE (C,G) . (86)
On the other hand,
d2E (C,G) =
[
3(u′e − ue)− 3(l′e − le)−
1
2
(x′e − xe)−
1
2
(y′e − ye)
]2
≤ 36 (u′e − ue)2 + (l′e − le)2+ (x′e − xe)2 + (y′e − ye)2
= 12

(u′e − ue)2 + (l′e − le)2 +
1
12
(x′e − xe)2 +
1
12
(y′e − ye)2

+ 24 (u′e − ue)2 + (l′e − le)2
= 12d2(Te(A), Te(B))+ 24

(u′e − ue)2 + (l′e − le)2

≤ 36d2(Te(A), Te(B)).
Using (86) and the immediate inequality
dE (Ae, Be) ≤ 2
√
3d(Te(A), Te(B)),
we get
dE (A0, B0) ≤

2
√
3+ 6

d(Te(A), Te(B)).
Substituting in (85), we obtain
d(T (A), T (B)) ≤

11+ 4√3d(Te(A), Te(B)).
The continuity of the trapezoidal approximation operator S given in Theorem 11 is an immediate consequence of the
following result.
Theorem 21. The nearest symmetric trapezoidal approximation operator preserving the ambiguity and value S : F(R)→ F S(R)
satisfies
d (S(A), S(B)) ⩽
√
11d (A, B)
for all A, B ∈ F(R).
Proof. Let us consider A, B ∈ F(R),
S(A) = [lS,uS, xS, xS],
S(B) = [l′S, u′S, x′S, x′S],
the nearest symmetric trapezoidal approximations preserving the ambiguity and value of A and B,
Te(A) = [le, ue, xe, ye],
Te(B) = [l′e, u′e, x′e, y′e],
the extended trapezoidal approximations of A and B, and
Ae(xe, ye),
Be(x′e, y
′
e),
A0(xS, xS),
B0(x′S, x
′
S).
Following the same reasoning as in the proof of Theorem 19, we get
d2 (S(A), S(B)) ≤ 3d2(A, B)+ d
2
E (A0, B0)
6
. (87)
Without any loss of generality, let us assume that
6u′e − 6l′e − x′e − y′e ≥ 6ue − 6le − xe − ye.
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We consider the closed convex sets
MA =

(x, y) ∈ R2 : x ≥ 0, x = y, x+ y ≤ 3ue − 3le − 12xe −
1
2
ye

,
MB =

(x, y) ∈ R2 : x ≥ 0, x = y, x+ y ≤ 3u′e − 3l′e −
1
2
x′e −
1
2
y′e

and the points
C

3ue − 3le − 12xe −
1
2
ye, 0

,
C ′

0, 3ue − 3le − 12xe −
1
2
ye

,
G

3u′e − 3l′e −
1
2
x′e −
1
2
y′e, 0

,
G′

0, 3u′e − 3l′e −
1
2
x′e −
1
2
y′e

.
According to (50)–(54), it follows that
A0 = PMA (Ae)
and
B0 = PMB (Be) .
As in the proof of Theorem 19, let us consider B1 = PMA (B0). Again, it is immediate that B1 is the projection of Be on the set
MA. In addition, we have
dE (B1, B0) ≤ 1√
2
dE (C,G) = 1√
2
dE

C ′,G′

. (88)
Since by the proof of Theorem 19 we have dE (C,G) ≤ 2
√
6d(A, B) and dE (Ae, Be) ≤ 2
√
3d (A, B), it follows that ((84) and
(88) are important here)
dE (A0, B0) ≤ dE (A0, B1)+ dE (B1, B0)
≤ dE (Ae, Be)+ 2
√
3d(A, B)
≤ 4√3d(A, B).
Substituting in (87), we obtain
d (S(A), S(B)) ⩽
√
11d (A, B) ,
which proves the theorem. 
8. Applications
8.1. Ranking of fuzzy numbers by the value–ambiguity indices
Amethod of ranking fuzzy numbers is to introduce a real number R(A), called the ranking index, for every fuzzy number
A, and then to define
A < B ⇔ R(A) < R(B),
A ∼ B ⇔ R(A) = R(B)
and
A > B ⇔ R(A) > R(B).
Delgado et al. [18] considered that any comparison procedure ought to take into account the magnitude assessment as well
as the imprecision involved in any fuzzy number; therefore, value and ambiguity appear to be good parameters to be used
together for this purpose. They introduced the following definition.
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Definition 22. For every fuzzy number A,
ri(A) = αVal(A)+ βAmb(A),
where α ∈ [0, 1] and β ∈ [−1, 1] are given, will be called rank index for A.
When Val(A) = Val(B) and Amb(A) = Amb(B), two fuzzy numbers A and B should be considered to be equal. The
comparison procedure should be mainly determined by the value; therefore |β| ≪ α must be imposed and β represents
the decision-maker’s attitude towards the uncertainty.
Because the operator T preserves the ambiguity and value, we can compare ri (T (A)) and ri (T (B)) instead to compare
ri(A) and ri(B) to rank fuzzy numbers A and B; in this way the calculus is simplified.
Example 23. Let us consider the fuzzy numbers A = (1, 200, 201, 220)2 and B = (1, 20, 30, 320)2. Taking into account the
results in Example 16 and (5)–(10), for α = 12 and β = 1100 , we obtain
ri(A) = 91.473 > 26.409 = ri(B);
therefore A > B.
8.2. Estimation of the defect of additivity
The trapezoidal approximation operator T is not additive, as the following example proves.
Example 24. Let us consider the fuzzy numbers A = (1, 2, 3, 4)2 and B = (1, 2, 4, 35)2 given in Example 16. Because
A+ B = (2, 4, 7, 39)2 ,
condition (72) is satisfied, and
T (A+ B) =

38
15
,
62
15
,
73
15
,
457
15

.
We obtain
T (A+ B) ≠ T (A)+ T (B) =

40
15
,
61
15
,
74
15
,
455
15

.
Following the ideas in [31], the notion of defect of additivity of a trapezoidal approximation operator with respect to a
given fuzzy number is introduced.
Definition 25. Let A ∈ F (R), and let U : F (R)→ F T (R) be a trapezoidal approximation operator. The defect of additivity
of the operator U with respect to fuzzy number A is given by
δU(A) = sup
B∈F(R)
d(U(A)+ U(B),U(A+ B)).
Theorem 19 helps us to find an estimation of the defect of additivity of the approximation operator T in Theorem 7.
Indeed, if O is the trapezoidal fuzzy number (0, 0, 0, 0) then T (O) = O and
d(T (A)+ T (B), T (A+ B)) ≤ d(T (A)+ T (B), T (B))+ d(T (B), T (A+ B))
= d (O, T (A))+ d(T (B), T (A+ B))
= d (T (O), T (A))+ d(T (B), T (A+ B))
≤ (2√2+ 1)d(O, A)+ (2√2+ 1)d(B, A+ B)
= (2√2+ 1)d(O, A)+ (2√2+ 1)d(O, A)
= 2(2√2+ 1)
∫ 1
0

A2L (α)+ A2U(α)

dα
1/2
,
for every A, B ∈ F (R).
The reasoning above can be repeated for the non-additive approximation operator S in Theorem 11. The following result
is immediate.
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Proposition 26. Let A be a fuzzy number. Then
δT (A) ≤ 2(2
√
2+ 1)
∫ 1
0

A2L (α)+ A2U(α)

dα
1/2
and
δS(A) ≤ 2
√
11
∫ 1
0

A2L (α)+ A2U(α)

dα
1/2
.
9. Conclusion
Themain results of this paper are Theorems 7 and 11, where operators of approximation of fuzzy numbers by trapezoidal
fuzzy numbers are given. The finding of the best Lipschitz constant in Theorems 19 and 21 and the computation of the defect
of additivity for the trapezoidal approximation operators T and S are open problems.
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